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Abstract 

The periodic Toda lattice with TV sites is globally symplectomorphic 
to a two parameter family of TV — 1 coupled harmonic oscillators. The 
action variables fill out the whole positive quadrant of R ~ . We prove 
that in the interior of the positive quadrant as well as in a neighbor- 
hood of the origin, the Toda Hamiltonian is strictly convex and therefore 
Nekhoroshev's theorem applies on (almost) all parts of phase spaceQ 



1 Introduction 

Consider the periodic Toda lattice with period N (N > 2), 

Qn = d Prl HToda, Pn = —dq^Hroda, n G Z 

where the (real) coordinates {q n ,Pv)ne% satisfy {q n +N,Pn+N) = {q n ,Pn) f° r an Y 
n G Z and the Hamiltonian HToda is given by 

^ N N 

HToda = ~ P n + V ( qn ~ qn +^ 

n=l n—1 



with potential 

V{x) = 1 2 e Sx + V lX + V 2 (1) 

and constants 7, 6, Vi, V2 G K (7, 6^0). The Toda lattice has been introduced 
by Toda [24] and studied extensively in the sequel. It is an FPU lattice, i.e. 
a Hamiltonian system of particles in one space dimension with nearest neigh- 
bor interaction. Models of this type have been studied by Fermi-Pasta-Ulam 
[FPU]. In numerical experiments they found recurrent features for the lattices 
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they considered. Despite an enormous effort from the physics and mathematics 
community in the past fifty years, by and large, these numerical experiments 
still defy an explanation. For a recent account of the fascinating history of the 
FPU problem, see e.g. pQ or [6]. At least in the case of the periodic Toda lattice, 
the recurrent features can be fully accounted for. In fact, Flaschka 5 , Hcnon 
0, and Manakov [T7] independently proved that the periodic Toda lattice is 
integrable. In this paper, we show that on the open dense subset of the phase 
space where all action variables are strictly positive, the Nekhoroshev theorem 
[19l [20] applies. It means that the action variables of the Toda lattice vary 
slowly over an exponentially long time interval along solutions of a Hamiltonian 
system with Hamiltonian sufficiently close to HToda- 

To continue, let us note that in (fTJ), without loss of generality, we can assume 
that Vx = V2 = 0. When expressed in the canonical coordinates (Sqj, \Pj)i<j<N> 
the Hamiltonian HToda is, up to a scaling factor 5~ 2 , of the form 



where a = \^S\. Moreover, notice that the total momentum ^2n=iPn 1S con ~ 
served. Hence the motion of the center of mass j? X) n =l 1 n * s l mear an d there- 
fore unbounded. However, the orbits of the system relative to the center of 
mass all lie on tori. To describe these orbits, consider the relative coordi- 
nates v n := q n +i — q n (1 < n < N — I) and their canonically conjugate ones, 
u n := n(3 - Y^=\Pk (1 < n < N — 1), where (3 = jj J2j=iPn- ln the sequel, 
we view the Toda lattice as a two parameter family of integrable systems with 
the two parameters a > and /? 6 1. For a > and (3 G M arbitrary, denote 
by -ff/3, Q the Toda Hamiltonian when expressed in the canonical coordinates 
(vk, Ufc)i<fc<jv-i € M. 2N ~ 2 and the parameters a and fi. 
In |10j . we proved the following result. 

Theorem 1.1. The periodic Toda lattice admits Birkhoff coordinates. More 
precisely, there exist globally defined canonical coordinates (xk,yk)i<k<N-i £ 
K.2N-2 so that for any f3 G ffi and a > 0, the Toda Hamiltonian Hp ta , when 

expressed in these coordinates, takes the form — h H a (T), where H a (I) is a 
real analytic function of the action variables Ik = (xf, + j/fe)/2 (1 < k < N — 1) 
alone. 

In particular, Theorem 11.11 states that the action variables (I n )i<n<N-i are 
independent of (3 G R and a > 0. Note that each of the N — 1 frequencies 



of the Toda lattice Hp^ a is independent of the parameter (3. 

The main result of this paper says that the Hamiltonian H a , introduced in 
Theorem ll.il is a convex function of the action variables (Ik)i<k<N-i'- 
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Theorem 1.2. In the open quadrant R^ 1 , the Hamiltonian H a is a strictly 
convex function of the action variables (Ik)i<k<N-i- More precisely, for any 
compact subset U C R^ 1 and any compact interval [otx, C R>o, there exists 
m > 0, such that 

(d*H a (I)Z,0>mU\\ 2 , VeeR^ 1 (3) 
for any I G U , any ,9 61, and any a± < a < c*2- 

Theorem 11.21 implies that Nekhoroshev's theorem holds for the Toda lattice 

on 

y ■- {(«, u ) e R 2N - 2 \ I n (v, u) > VI < n < N - 1}, 
an open and dense subset of R 2Ar ~ 2 by Theorem ll.il 

Corollary 1.3. For any (3 € R and a > 0, Nekhoroshev's theorem applies to 
(sufficiently small) Hamiltonian perturbations of the Toda Hamiltonian Hp^ a on 
all of?'. (See \Wi, \Wj, \W$, ]$Uj, J2JH, ^ for various versions of Nekhoro- 
shev 's theorem and their proofs.) 

In practice, it is difficult to verify for an integrable system with a given 
Hamiltonian H whether the convexity (or steepness) condition of Nekhoroshev's 
theorem is satisfied as this condition refers to H, when expressed in action 
variables, and is not invariant under canonical transformations. Typically one 
does not know the Hamiltonian as a function of the action variables explicitly 
enough to derive the convexity property. 

To prove Theorem ll.21 we make use of the Birkhoff normal form of the Toda 
lattice Hp a on R 2N ~ 2 near the elliptic fixed point (v, u) — (0, 0), established in 

nu. 

Theorem 1.4. Let a > be arbitrary. Near I — 0, the function H a (I), 
introduced in Theorem \1.1[ has an expansion of the form 

N-l N-l 

Na 2 + 2aY, 'hh + ^ £ % + 0(1% (4) 

k—l k=l 

with Sk — sin ^ for 1 < k < N — 1 . In particular, the Hessian of H a (J) at 
I = is given by 

djH a \i=o — ^— 7djv_i. 

As an immediate consequence of Theorem 11.41 we get 

Corollary 1.5. Near I — 0, H a (I) is strictly convex for any a > 0. 

Outside of I = 0, we argue differently. For any a > 0, consider the frequency 
map 

In view of Corollary 11.51 Theorem 11.21 follows once we can show that the fre- 
quency map is nondegenerate on all of R^ 1 . Note that the property of being 
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nondegenerate is invariant under coordinate transformations, an observation 
used in a crucial way in the sequel. In section [4J we prove that on 3 *, the 
frequencies can be expressed in terms of periods of a certain Abelian differential 
of the 2 nd kind. To show that the frequency map is nondegenerate on J" we 
use, in addition to Theorem a version of Krichever's theorem (Theorem 
13. 3[) suited for applications to the Toda frequencies. In [T3], Krichever stated 
his result concerning the period map of certain Abelian differentials for Hill's 
curve. Bikbaev and Kuksin presented a proof of this result in [2]. In section 
[3] we apply their scheme of proof to prove the version of Krichever's theorem 
needed for our purposes. In section [H we prove Theorem 1 1.21 

Acknowledgements: It is a great pleasure to thank Sergei Kuksin for valuable 
discussions. 



2 Preliminaries 

To prove the integrability of the Toda lattice, Flaschka introduced the (non- 
canonical) coordinates (cf. [5]) 

ii„:=-p„el, a„ ^aeJ^^eijo (n G Z). 

These coordinates describe the motion of the Toda lattice relative to the center 
of mass. They are related to the relative coordinates defined in section [1] as 
follows 

(K, Vn)l<n<N-l, P, Ct) I ^ (b 

n , l<n< N 

with a n = aexp (-|w„) (1 < n < iV-1), fljv = aexp (± J2k=i v kj , h = 

b n = u n — u n -i — j3 (2 < n < N — 1), and 6jy = — un-i — P- In the sequel we will 

work with the coordinates (&„, a n )i< n <N rather than the relative coordinates 

(u„, tv l )i<n<A'-i- I n these coordinates, the Hamiltonian HToda takes the simple 

form 

^ N N 

HToda = 2^ 6 "+I>«> (5) 
n— 1 ri— 1 

and the equations of motion are 

( K I i" Z^' 1 h , (n G Z). (6) 

Note that (b n+ N, a«+jv) = dn) for any neZ, and FIn=i a ™ = • H ence we 
can identify the sequences (& ra ) ra gz and (a n )„ 6 z with the vectors (6 n )i< n <jv G 
and (a„)i<„<Ar G R>o- The phase space of the system (|6]) is then given by 

M := R N x M^ , 

and it turns out that ([6]) is a Hamiltonian system with a nonstandard Poisson 
structure J found by Flaschka [5] (cf. [9]). This Poisson structure is degenerate 
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and admits the two Casimir functional 



Ci : 



N 



1 




(7) 



Let Mp, a := {(&, a) € M : (Ci,C 2 ) = (/?,«)} denote the level set of (Ci,C 2 ) 
at ((3, a) € K x R>o- As C\ and C*2 are real analytic on M and the gradients 
Vb ]a Ci and Vf^aC^ are linearly independent everywhere on M, the sets M.p. a 
are real analytic submanifolds of M of (real) codimension two. Furthermore, 
the pullback of the Poisson structure J to M.p. a , is nondegenerate everywhere 
on M^.q, and therefore induces a symplectic structure on M^,,. In this way, we 
obtain a symplectic foliation of M with JAp, a being the symplectic leaves. By 
a slight abuse of notation with respect to the definition made in section [TJ we 
denote by Hp, a the restriction of the Hamiltonian Hxoda to M^ a . 

As a model space for the construction of canonical Cartesian coordinates on 
M, we introduced in [10] the space 7 := M 2(Ar_1) xtx E> , foliated by the leaves 
Vp, a :— K 2 ^ -1 ) x {/3} x {a} which are endowed with the standard symplectic 
structure. Denote by Jo the degenerate Poisson structure on O 3 having 7p. a as 
its symplectic leaves with standard symplectic structure and the coordinates (3 
and a as its Casimirs. In |10) we proved the following theorem which describes 
in more detail the results stated in Theorem ll.il 

Theorem 2.1. There exists a map 



with the following properties: 

(i) <f> is a real analytic diffeomorphism. 

(ii) <I> is canonical, i.e. it preserves the Poisson brackets. In particular, the 
symplectic foliation of M by M/3 jQ , is trivial. 

(Hi) The coordinates (x n ,yn)l<n<N—l,Ci,C2 are global Birkhoff coordinates 
for the periodic Toda lattice, i.e. the transformed Toda Hamiltonian H = 
H o is a function of the actions I n := (x 2 + J/„)/2 (1 < n < JV — 1) 

and C\ , C2 alone. It is of the form ^M- — h H a (I) . 
As an immediate consequence of Theorem 12.11 one gets 
Corollary 2.2. For any j3 e R, a > 0, the set 

M*,a = {( & , a ) € M p , a \I n (b, a) > V 1 < n < N - 1} 
is open and dense in M/3 jCf . 

2 A smooth function C : JVC —* R is a Casimir function for J if dC(x) £ KerJ(x) for any 

x e 3vc 



$ : (M, J) 
ib,a) 
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For later use we describe an important ingredient in the proof of Theorem 
2.11 For any (b, a) E M denote by L + (b, a) and L~(b, a) the symmetric N x TV- 
matrices defined by 



£±(6, a) 



Ol 





ai 

« 2 





«2 
^3 





b N 



(8) 



and by £? the skew-symmetric ./V x A^-matrix 



£ = 



/ 01 
— Oi a-i 
-aa ' ' ■ 



-a N \ 





O/V-l 







"Ojv-l 
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Flaschka [5] observed that system © admits the Lax pair formulation 

L + = ftL+ = [B,L + ]. 

As the flow of L + = [B, L + ] is isospectral, the eigenvalues of L + are conserved 
quantities of the Toda lattice. We need some results about the spectral theory of 
periodic Jacobi matrices ©■ For (6, a) £ M, consider for any complex number 
A the difference equation 

o fe _iy(fc - 1) + b k y{k) + a k y{k + 1) = Xy(k) (k e Z) (9) 

associated to L(b, a). The two fundamental solutions yi(-, A) and t/2(-, A) of © 
are defined by the standard initial conditions 7/1 (0, A) = 1, t/i (1, A) = and 
2/2(0, A) = 0, 2/2(1, A) = 1. By solving ([5]) recursively, one sees that for any 
fc, yi(k,X) (i — 1,2) is a polynomial in A. Denote by A(A) = A(A, b, a) the 
discriminant of ©, defined by 



A(A):=tfi(JV,A)+ite(JV + l,A). (10) 

By Floquet theory, for any A € K, equation ([9]) admits a periodic respectively 
antiperiodic solution of period N iff the discriminant = A(A) satisfies A\ = 2 
respecitvely Aa = —2. It follows that Aa T 2 admits a product representation 
of the form 

N 

A xT 2 = a- N l[(X-Xf), 

i=i 
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where (A^)i<j<Ar are the eigenvalues of L ± (6, a). They are real valued and we 
list them in increasing order and with their algebraic multiplicities. Hence 

27V 

Al-i = a-™l[(\-\ j ), (11) 

j=i 

where (\j)i<j<2N is the combined sequence of the eigenvalues (Xj)i<j<N and 
(AJ)i<j<jv listed in increasing order. One can show that 

A^ > A w > X N _ 1 > X+_ 1 > A+_ 2 > X N _ 2 > X N _ 3 > A^_ 3 > . . . (12) 

Again by Floquet theory, one sees that (Xj)i<j<2N are the eigenvalues of the 
2N x 2N Jacobi matrix L + ((b, b), (a, a)). Since Aa is a polynomial of degree N, 
Aa = <9aAa is a polynomial of degree N—l. It admits a product representation 
of the form 

JV-l 

A x =Na- N ~[[(X-X k ), (13) 
fc=i 

where the zeroes (A„)i<„<jv-i of Aa are all real valued and are listed in in- 
creasing order. They satisfy X2 n < A„ < A2«+i for any 1 < n < N—l. 
The open intervals (A2 n ,A2 n +i) are referred to as the n-th spectral gap and 
In '■= ^2)1+1 — ^2n as the n-th gap length. Note that |Aa| > 2 on the spectral 
gaps. We say that the n-th gap is open if j n > and collapsed otherwise. The 
set of elements (6, a) S M for which the n-th gap is collapsed is denoted by D n , 

D n :={(b,a)eM: 7n = Q}. (14) 

Using that 7^ (unlike j n ) is a real analytic function on M, it can be shown that 
D n is a real analytic submanifold of M of codimension 2 (cf. [12] for a similar 
statement in the case of Hill's operator). Moreover, one can show that for any 
(6, a) S M and any 1 < n < N - 1, 7„(&,a) = iff I n (b,a) = - see [9] for 
details. Hence for any (3 S R and a > 0, the set M* a , introduced in Corollary 
I2~2l satisfies M* Q = \ U%~?D n . 

Finally, we remark that the zeros {Xj)i<j<2N and (Afe)i<fe<7v-i of A^ — 4, 
respectively Aa , satisfy the following relation 

JV-l 2N 

E^ = VEv as) 

k=l 3 = 1 

To prove (|15p . one computes the A-derivative of 

N 



A x = ±2 + a- N Y[(X-Xf) 



3 = 1 



and compares the coefficients of the expansions of Aa, obtained in this way, 
with (H3J). 
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3 Krichever's theorem 

In this section, we present a version of Krichever's theorem suited to prove The- 
orem [TT21 Krichever's theorem concerns the period map of certain meromorphic 
differentials of a hyperelliptic Riemann surface. In [T3], Krichever stated his 
theorem for a parameter family of hyperelliptic curves having the property that 
one of the ramification points is at infinity. In the version we need we have to 
consider a parameter family of hyperelliptic curves with no ramification points 
at infinity. 

Let E = (Ei, . . . , E2n) be a sequence of distinct, but otherwise arbitrary 
real numbers which we list in increasing order, Ei < E^ < . . . < E2N-1 < E 2 n ■ 
Introduce 

2N 

R(X) = J] (A - Ei), AeC 

i=l 

and denote by Ce the afhne curve 

G E = {(A, w) G C 2 : w 2 = crR(X)}, 

where a G R>o is a scaling parameter. In our application to the Toda lattice it 
will be given by a~ 2N . Then Ce is a two-sheeted curve with ramification points 
(Ei, 0)i<i<2Ar, identified with Ei in the sequel. By Te we denote the Riemann 
surface obtained from by adding the two (unramified) points at infinity, 00 + 
and co _ , one on each of the two sheets. The sheet of Tie which contains oo~ is 
also referred to as the canonical sheet and denoted by T° E . It is characterized 

by 

w = ^R(X-iO) < V A G R with A > E 2N . 

The variable z around z — gives a complex chart in a neighborhood of oo + 
or oo~ of T,e via the substitution A = -j. By construction, these charts at oo + 
and 00 _ are defined in a unique way and arc referred to as standard charts of 

It is convenient to introduce the projection n = tte ■ Ce — * C onto the 
A-plane, i.e. tte(X, w) = X and its extension to a map tte ■ Te —> C U {00}, 
where 7Te(oo ) = 00. Denote by (ck)i<k<N-i the cycles on the canonical sheet 
of Ge so that 7r(cfe) is a counterclockwise oriented closed curve in C, containing 
in its interior the two ramification points Eik and i?2fc+i, whereas all other 
ramification points are outside of n(ck). The following result is straightforward 
to prove. 

Lemma 3.1. There exist Abelian differentials ill and O2 on Tie, uniquely de- 
termined by the following properties: 

(i) fli and Q2 are holomorphic on Te except at oo + and oo~ where in the 
standard charts, £li admit an expansion of the form 

a 1 = T (-I + ei + 0(z ))„(= T Q-| + o(^)) d A) 
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l . . A , ( (. i 

x 2 



n 2 = T ( s + fx + O(z) )dz = T i + o ) ) dX 



(ii) f2i and Q 2 satisfy the normalization condtions 

n, = VI < k < N- 1, i = 1,2. (16) 



On Ce \ -E, r2i and take the form fit = dX (i — 1,2), where XiW 

V RW 

are polynomials in X of the form Xi(A) = + eX N ~ 2 + . . . and X2W = 

X N + /A^ -1 + . . ., with f = — i X)n=i ^n- ^ n particular, fii and £l 2 do not 
depend on the scaling parameter a. 

Denote by (dfc)i<fc<jv-i pairwise disjoint cycles on Ge \ E so that for any 
1 < n, k < N — 1, the intersection indices with the cycles (c n )i< n <jv_i with 
respect to the orientation on Sg, induced by the complex structure, are given 
by c n o dk = S n k- In order to be more precise, choose the cycles df. in such a 
way that (i) the projection ^(d^) of dk is a smooth, convex counterclockwise 
oriented curve in C \ {(Ei,E 2 k) U (E 2 k+i,oo)) and (ii) the points of dk whose 
projection by tte onto the A-plane have a negative imaginary part lie on the 
canonical sheet of For any 1 < k < N — 1, introduce the dfc-periods of fii 
and f2 2j 

Uk := [ Hi] V k := [ fl 2 (17) 

Jd k Jd k 

and for any p £ Ge define the Abel integrals (i — 1,2) 

J i(p) = \ I Mi: 

where 7 P is any path in Ge from to p. The map l : Ge — * Ge, P ^ P* 
interchanges the two sheets of C^, 



= (A, -w) Vj)=(A,w)ee 



E- 



Note that for any i = 1,2, the function p 1— > J;(p) is multi- valued. Actually, 
Ji(p) is well defined up to half periods of Qi. Hence locally it is a well defined 
smooth function. In particular, its differential dJi is well defined. Note that for 
i = 1,2 and 1 < n < 2N , zero is one of the possible values of Ji(E n ). For any 
p £ Ge, denote by 7° a path on C^; from E 2 n = (E 2 n,0) to p and define j p 
to be the path from p* to p obtained by concatenating —1 (7°) and 7°. Here 
—1 (7°) denotes the path from p* to E 2 n obtained by reversing the orientation 
of l (7^) and (-(7°) is the path obtained by applying to 7° the map 1. In Lemma 
we state the properties of and Ji needed in the sequel. 
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Lemma 3.2. (i) The differential forms Q,\ and 0,2 are odd with respect to 
the map l, i.e. the pullback i.* of fit satisfies L*Qi = — Oj. 

(ii) For i = 1,2, 

- f &i = I ^i. 

2 7- t ( 7 o )o 7 o J 7 o 

(Hi) When expressed in the local coordinate X, on each of the two sheets, 
J E2N &i admits an asymptotic expansion as A — > oo (X real) of the form 

A ( 1 

fti = T ( log A + e + e r 



Hi =T ( logA + e + ei- + ... ] (18) 



f Q 2 = T (A + f + . . .) , (19) 
where eg and ei are rea^ valued. 



Proof, (i) Let 1 < i < 2. The claimed identity t*fij = — follows from the 
uniqueness of the differential f2,; stated in Lemma [3. 11 as — L*Qi is a meromorphic 
differential which is holomorphic on and satisfies the same asymptotics at 
oo^ and the same normalization condition (|16|) as the differential fl;. (ii) In 
view of statement (i) we conclude that for any p £ Ge, 




(hi) The stated asymptotics follow from the asymptotics of fij of Lemma |3~T1 
The claim of eo and e\ being real follows from the assumption that E%, . . . , E2N 
are real and that for A real with A > E2N, one has R(X) > 0. □ 

To state the main result of this section, introduce the extended period map, 
defined on the space of sequences E = {E\ < . . . < E 2 n) as follows 

3:E^{{U ll V i ) 1 < l < N ^ 1 ,e 1 ,e ), (20) 

where e\ and eo are the coefficients in the asymptotic expansion (I18p . It is 
straightforward to see that J is a smooth map with values in M. 2N . The version 
of Krichever's theorem needed for our purposes is the following one. 

Theorem 3.3. At each point E — (E\ < . . . < E2N), the map 3 is a local 
diffeomorphism, i.e. the differential ds^ : R 2N — > R 2N of J at E is a linear 
isomorphism. 



The proof of Theorem 13 . 3 1 follows the scheme used in [2] to prove Krichever's 
theorem. First we need to derive some auxiliary results. For any 1 < i < 2, 
denote by Nq 1 the set of zeroes of and by N Xi the set of zeroes of the 
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polynomials Xi> where in both cases the zeroes are listed with their multiplicities. 
Note that \N Xl | = N - 1 and \N X2 \ = N, whereas for i = l,2 

\N Ck \<2\N Xi \. 

The following result is due to [2]- 

Lemma 3.4. The zero sets N Xi and Na i have the following properties: 

(i) All zeroes of N Xl are simple and real, and N Xl n {E\, . . . , E 2 n} = 0- 
Moreover, N Ql = ^(N^) and |JV n J =2N -2. 

(ii) All zeroes of N X2 are simple except possibly one which then has multiplicity 
two. Furthermore, 

\N X2 \{E 1 ,...,E 2N }\ >N-1 and \Nn 2 \ {E u . . . , £W}| > 2N - 2. 
(Hi) N Xl n N X2 = 0, and hence Nq 1 ("1 Nq 2 = as well. 

Proof of Lemma \3.4\ The statements about the zero sets Nq ( of fij are eas- 
ily obtained from the ones about N Xi in view of the representation Qi — 
Xi{X)/\/R(X) dX and the property that fli has a pole at oo + and oo~. Hence 
we prove only the claimed statements for N Xi . 

By the normalization condition (fTB|) , for any 1 < k < N — 1, Xi(A) has at 
least one real zero satisfying E 2k < T\,k < E 2k+ \. As Xi(A) is a polynomial 
of degree AT — 1, it follows that all zeroes T\^ k are simple and that 

N X1 =K fe |l< k<N-l}. 

In particular N X1 n {Ex, . . . , E 2 n} — 0- Similarly, ([TBI) implies that for any 1 < 
k < N — 1, X2(A) has at least one real zero r 2 ^ k satisfying E 2k < r 2 _ k < E 2k+ i. 
As X2(A) is a polynomial of degree N, 

N X2 \{r 2 , k \l<k<N -1} 

consists of one point tq G C. It is not excluded that tq coincides with one of 
the zeroes (r2 i fc)i</c<A r -i- In any case, \N X2 n {E\, . . . ,E 2 n}\ < 1. It remains 
to prove (hi). Assume that r is a common zero of Xi(^) an d X2(A), i.e. r € 
N X1 n N X2 . Then there exists 1 < k < N - 1 with £J 2 fc < r < E 2k+1 . As all 
roots of Xi(A) are simple, one has xi( T ) 7^ (' = Hence we can choose 

the real parameter £ in such a way that the polynomial \2 + Cxi nas a double 
root at t. Indeed, for £ = — x' 2 ( T ) / Xii T ) one nas X2( T ) + £xi( T ) = and 
Xa(T) + &i(r)=0. As 

/ (x2(A)+Cxi(A))//R(A)dA = Vl<j<JV-l, 

the iV roots of X2 + Cxi are given by r and (T^j)j^k, where r is a double root 
and for any j ^ k, E 2 j < tjj < E 2 j + i is simple. Therefore, X2(A)+£xi(A) does 
not change sign in the interval [E 2k , E 2k+ {\, contradicting the normalization 
condition J c (X2(A)+£xi(-V)) d\ = 0. Hence xi an d X2 have no zero in common, 
as claimed. □ 
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Proof of Theorem \3.!A Assume that Theorem 13.31 docs not hold. Then there 
exists a smooth 1-parameter family E(t), — 1 < t < 1, so that for some 1 < 
n < 2N, SE n = d T \ T=0 E n {r) £ 0, but 

U(t) = [/(0) + O(r 2 ), V(t) = V(0) + O(t 2 ), 
eo(r) = e (0) + O(r 2 ), ei(r) = e x (0) + 0(r 2 ). 

We will now prove that 8Ek = for any 1 < k < 2N, leading to a contradiction. 
As above, we introduce for p G C_e(t) the multi- valued functions Ji(p, r), defined 
up to half periods of f2i(r), 

where Vti (r) denote the Abelian differentials of Lemma 13. li corresponding to 
the Riemann surface £_e( t ) = C.e(t) U {oo + , oo~}. By Lemma l3~!2"l fii). Jj(p, r) = 
J rii(r). In particular, the differential dJi(p, r) is well defined and equals the 

restriction of fli(r) to Ce(t)- Near any point p = {X,w) £ Ge \ E, A is a local 
coordinate. This remains true for r sufficiently close to 0, and hence for any 
pG Cfi\i?we can define (i = 1, 2) 

«SJi(p) := a r | T=0 J 2 (p,r). (21) 

By Lemma l3.5l below. S J\ is single- valued, extends to a meromorphic function on 
Tie and is holomorphic on At a ramification point E/~, the function 5J\ 

might have a simple pole with residue of the form ri(k)SEk, where r\(k) ^ 0. 
But by Proposition ^. 61 below. SJi = and hence, in particular, 8Ek = for any 
1 < k < 2N. This contradicts the assumption made above that 5E n ^ 0. □ 

It remains to prove Lemma 13.51 and Proposition 13. 61 mentioned in the proof 
of Theorem 13.31 Throughout the rest of this section we assume that the 1- 
parameter family E(t) satisfies the assumption made in the proof of Theorem 
I3~3l 

Lemma 3.5. The functions 8J\ and 8J2 defined by Ii21\) are single-valued and 
extend to meromorphic functions on Y<e- They are holomorphic on Y<e\ E. 
At the ramification points (i? n )i<n<27V; they might have poles of order 1 with 
residue of the form (i = 1, 2; 1 < n < 2N) 

Res p= E n 8Ji — ri(n)8E n 

where for i = 1, r\(n) 7^ for any 1 < n < 2N . Moreover 8J\ has a zero of 
order 2 at oo^ . 

Proof. Let 1 < i < 2 be given. Although the integral Ji(p, r), defined for p € Ge, 
is multi- valued in the sense that it is defined only up to half-periods of f^(r), 
the derivative d T \ T =aJi(p, t) is single- valued, since by assumption, the periods 
of Oj(r) are constant up to Olr 2 ). To simplify notation we write fli instead of 
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fli(r) and E n instead of E n (r). To see that 5Ji(r) extends meromorphically to 
any branching point E n , note that near E n , J7j admits an expansion in terms 
of z = (A - En) 1 / 2 , 

fti(z,T) = (x l Q {E n ,T) + x[{E n ,T)z + ...)dz 

= r)(A - S„)- 1/2 + zi(£„,T) + . . .) dX 

where we used that dz — j^dX. Since by item (i) of Lemma l3T4| Qi(E n , t) ^ 0, 
it follows that x\(E n , r) 7^ 0. We now integrate ^(r) to get that 

= 4(£ n ,r)(A - E n fl 2 + ixl(£; n , r)(A - E n ) + . . . 

is a value of the multi- valued function Ji (p, r) . Then the r-derivative of Ji (p, r) 
at t = satisfies 

5Up) = {- 4( ^"' 0) (A - £7 n )-Va + 0(A - £„) } <5i? n . 

Hence <5Ji admits in £"„ a Laurent expansion and therefore is meromorphic 
near E n . At E n , it might have a pole of order 1 with residue ri(n)SE n and 
n{n) — —^x l o (E n ,0). Moreover ri(n) 7^ as xl(E n ,0) ^ by the observation 
above. 

To see that SJi extends meromorphically to 00 + and oo~, use the expansions 
(fl"8|) and (| 19[) to conclude that for A — * 00, 

Ji(A,r) = T flogA + eo(r) +e x (r)i + . 

and 

J 2 (A,t)=t(A + /o(t) + ...)■ 

In view of the assumption that Sea = and Se\ — it follows that 5Ji(X) = 
O (t5-) , and hence J Ji has a zero of order 2 at oo ± . □ 



The most important ingredient for the proof of Theorem l3.3l is the following 
Proposition 3.6. 8J\ = 0. 



To prove Proposition 13.61 we first need to introduce an auxiliary function. 
For p £ Ge\ Nq 1 , dJi(p) — Sli(p) 7^ 0. Hence by the implicit function theorem, 
there exists a smooth curve r t— > q{r) := q{r,p) with q(0) = p defined for r 
sufficiently close to zero so that Ji(q(r),T) = Ji(p). In particular, for p = E n 
one has q(r) = i?„(r). Then introduce for p <G C_g \ Nq 1 



SK(p) := J- 



/2(ff(r),r). 

r=0 
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3 KRICHEVER'S THEOREM 



As the periods of f2 2 are constant up to 0(t 2 ) and J 1(3), r) is well defined up to 
half periods of SI2 , SK is single- valued. Moreover, SK admits a meromorphic 
extension to T, E . Indeed, as Ji(q(r), r) = J\(p), one has for any p £ Q E \ Nq 1 

SJ 1 (p) + (n 1 ( P ),Sq)=0 

where (•, •) denotes the dual pairing between T*Y,e and T p Y,e- Hence 

SK(p) = -f- J 2 (q(r) 7 r) = 5J 2 (p) + (n 2 (p),5q) 

dT t=Q 

leads to 

SK(p)=SJ 2 (p)-^SJ 1 (p). (22) 

By Lemma T3. 41 we know that ^[pj extends to a meromorphic function on 
with possible poles at the zeroes of Ox- In view of Lemma [3.51 SK admits a 
meromorphic extension to 

Lemma 3.7. SK = 0. 

Proof of Lemma \3.7\ We show that, when counted with their orders, the num- 
ber of poles of SK does not match the number of zeroes. First note that 
8K(E n ) = for any 1 < n < 2N. Indeed, if p = E„ for some 1 < n < 2N, one 
has q(r) = E n (r) and hence for i = 1,2, Ji(E n (r),T) contains zero for any r, 
implying that 8K(E n ) — 0. On the other hand, by (|22|) . the poles of SK in 6^ 
are contained in the set Nu ± of zeroes of f2i. By Lemma f3.4[ all these zeroes 
are simple and \Nq 1 \ = 2N — 2. Now let us investigate the values of SK at oo+ 
and 00 _ . Using the standard charts z = j we have by Lemma |3. II 

tt 2 (z) _ /l 



and by Lemma l3~5l SJ\(z) — 0(z 2 ). Hence 

n 2 {z 



SJi(z) = 0{z). 



It means that j^fj^i^) vanishes at oo + and 00 . In addition, again by 
Lemma 13.51 8J 2 is holomorphic at oo + and oo - . Alltogether we have shown 
that the meromorphic function SK has at least 2A^ zeroes and at most 2N — 2 
poles (counted with their multiplicities). As is a compact surface it follows 
that SK = 0. □ 

Proof of Proposition \3.6[ By Lemma 13. 7\ formula (f22l) implies that 

SJi-Q 2 = SJ 2 -rii. (23) 



By comparing poles and zeroes of 5J 2 ■ Oi and SJ\ ■ VL 2 we want to conclude 
that SJi = (and hence SJ 2 = as well). Indeed, by Lemma \3.5\ any pole of 
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8J\ has to be a ramification point of Te and is of order 1. By Lemma T3.41 at 
least 2N — 2 zeroes of f^2 are contained in Qe\E. We now have to distinguish 
between two cases. If il 2 (E n ) ^- for any 1 < n < 2N, then £! 2 has 2N zeroes 
and they are all contained in Te \ (E U {oo + , oo~}). By Lemma f3T4l the zeroes 
of 0,2 cannot be zeroes of fii and hence (j23|) implies that they must be zeroes 
of (5J 2 . In addition, by Lemma 13.51 8J\ vanishes at oo^ of order 2 whereas f2 2 
has a pole of order 2. Hence 8J\ ■ £1 2 is holomorphic at oo ± . By (|23| . 8J2 • 
is then holomorphic at oo*. As fii has a pole of order 1 at 00 ± it follows that 
8J2 vanishes at oo*. Alltogether, <5J 2 has at least 2A^ + 2 zeroes on Te- On 
the other hand, by Lemma T3.51 8J2 has at most 2N poles (all of them simple). 
As Tie is a compact Riemann surface, the meromorphic function 8J2 vanishes 
identically, and hence by |23|) . 8J\ as well. 

It remains to consider the case where there exists 1 < n < 2N so that 
^■2(E n ) = 0. By Lemma f3.5[ 8J\ is either holomorphic near E n or has a pole 
of order 1. Hence 8J\ ■ SI2 is holomorphic near E n . By (I23|) . 8J2 • Oi is then 
holomorphic at E n as well. By Lemma T3.41 fli(E n ) ^ 0, hence 8J2 is holomor- 
phic near E n . Again by Lemma [6. 51 we then see that 8J2 has at most 2N — 1 
poles in S^. On the other hand, in view of Lemma [3^41 8J2 has at least 2N — 2 
zeroes in Ge\ E. We have already seen that 8J2 vanishes at oo + and oo~. 
Hence 8J2 has at least 2N zeroes and at most 2N — 1 poles in Eg. As is a 
compact Riemann surface, the meromorphic function 8J2 vanishes identically, 
and so does 8J\ . □ 

4 Formulas for the Toda frequencies 

In this section we derive formulas for the frequencies of the periodic Toda lattice 
in terms of periods of the Abelian differential O2 introduced in section [3] These 
formulas will be used in an essential way to show that the frequency map is 
nondegenerate on K>q ■ 

Introduce M* = UQ,>o,/3eRM* Q . As pointed out at the end of section^ M* = 

^\^n=i D n, i-e. for any (b, a) G JVC*, all the roots (Ai)i<i< 2 jv of A|(6,a)-4 are 
simple. As above, we list these roots in increasing order, Ai < A 2 < . . . < A 2 at. 
By Corollary 12.21 M* is open and dense in M. Given (b, a) E M*, denote by 
Sf,. a the Riemann surface Tie with E — (Ai < . . . < A 2 jv), and scaling factor 



a = a 2N , where a = [J~[ i= i ciij ■ In view of the product representation 
(fTTj) of A|(6, a) - 4, T b , a = G b , a U {00+, oo - }, where 



To obtain a formula for the differential f2 2 we first consider an auxiliary 
differential. 

Lemma 4.1. Assume that (b,a) G a with ,9 = 0. Then the differential 




a 



{(\,z)eC 2 :z 2 = Al(b,a)-4}. 



(24) 



fi 2 



d\ 
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4 FORMULAS FOR THE TOD A FREQUENCIES 



is holomorphic on 6{, a and has an expansion of the form (t^ + 0(1)) dz at 
oo^ when expressed in the standard chart z — j of oo ± . 

The proof of Lemma l4. H is straightforward. For the convenience of the reader 
it is given in Appendix [AJ 

The Abelian differential (I2 has to be appropriately normalized. For this 
purpose introduce the tp -functions. Let (b, a) € M* and 1 < n < N — 1. Then 
there exists a unique polynomial ?An(A) 01 degree at most N — 2 such that for 
any 1 < k < N - 1 

1 f ^n(A) 

:d\ = S kn . (25) 



27T J Ck , 

Here (cfe)i<fe<jv-i denote the cycles on the canonical sheet Eg of £{, j0 intro- 
duced at the beginning of section O For any k ^ n it follows from (j2"5"|) that 

1 ^ k+1 ^ =d X = 0. (26) 



7T 



As (b, a) 6 M", 7& = A2fc+i — A2A; > for any 1 < k < N — 1 and hence in every 
gap (A2fc, A2fe+i) with k 7^ n the polynomial has a zero which we denote by 
erj?. As V'n(A) is a polynomial of degree at most N — 2, one has 

^n(A) = M„ J] (A - cr£), (27) 

l<fc<JV-l 

where M n = M n (b, a) 7^ 0. Clearly, the differential forms (1 < n < N — 1) 

MX) 



C „ = -g£L= dX (28) 



are holomorphic on £b. a \{oo + , oo - }. As the VVi's are polynomials in A of degree 
at most N — 2, they are also holomorphic at oo + and oo~. Further, the action 
variables /„ = /„(&, a), 1 < n < N — 1, introduced in Theorem 12.11 for any 
(6, a) 6 M, are given by 

7„ = i- / A dA. (29) 

They can be interpreted as period integrals of SI2 , 

/„=-!-/ Q 2 (l<n<JV-l). (30) 



2?r „. 

Now introduce the meromorphic differential 



JV-l 



n=l 



with (C«)i<n<iV-i as given by ((28 
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Lemma 4.2. Assume that (6, a) € M* a with j3 = 6ut a > arbitrary. Then 
the meromorphic differentials VL2 and VL are related by f2 = —NQ,2- 

Proof. In view of the uniqueness statement of Lemma l3.1l it suffices to show that 
Q is a meromorphic differential so that (i) £1 is holomorphic on St, a \{oo + , oo~}; 
(ii) when expressed in the standard chart A = - near 00 + and 00 - , has a 
Laurent expansion of the form = (tJt + O(l)) dz; (hi) J c f2 = for any 
1 < < iV - 1. 

Statements (i) and (ii) follow from Lemma |4~T1 and the above mentioned fact 
that the £„'s are holomorphic differentials on E^. To see that the normal- 
ization conditions are satisfied, we use the identity (I30|) and the normalization 
conditions (|25|) to conclude that for any 1 < k < N — 1, 

. ~ N-l . N-l 

/ fl= Q 2 - Y, 7 » / Cn = 27r/ fe - J] 7„27r4„ = 0, 

k k n—1 n n—1 

proving (iii). □ 

Recall that the Toda frequencies are given by 

w n = di n H a (l<n<JV-l), (31) 

where H a = H a {I\, . . . , ijv-i) is, up to an additive constant given in Theorem 
12. 1[ the Hamiltonian of the Toda lattice expressed in terms of the action vari- 
ables I = (1%, . . . , JjV-i) and the value a of the Casimir C2. In particular, it 
follows that the frequencies u) n (1 < n < N — 1) are independent of /3. Without 
loss of generality we can therefore assume that j3 = 0. Expressing the element 
(6, a) € M* with /3 = in terms of the Birkhoff coordinates (a;, y) of Theorem 
I2.1l we may view A\ as an analytic function of A, a, and (x, y). As A is a spec- 
tral invariant, it is indeed an analytic function of A, a, and the action variables 
alone. Consider its gradient with respect to / = (I n )x<n<N-x and introduce 
the one-forms 

Vn ■= dl " A d\. (32) 

These are holomorphic one-forms on Ef, a except possibly at 00 ± . As 

N 

A A = 2 + a- N l[(X-X+) 

= 2 + a- N X N + a- N \J2 X t j X ^ + 0(X N - 2 ) 

and y~)j—i — Yin—I b n = —N/3 = by assumption, dj n A is a polynomial in 
A of degree at most N — 2, and hence ?7 n is holomorphic at 00 + and oo~ as well. 



18 



4 FORMULAS FOR THE TOD A FREQUENCIES 



In view of the definition of rj n , 

,„=^ (arcosh^) dX. 

To analyze r\ n near oo + and oo _ , we need to compute the asymptotic expansion 
of arcosh 4j£ for A > \in large. Denote by arcosh x the positive branch of 
arcosh, i.e. arcosh x > Va; > 1. In Appendix [Bl we prove 

Proposition 4.3. For any (b, a) £ JAp. a , arcosh 4p admits the asymptotic 
expansion (X £ K, A — > ooj 

arcos/j ^ =iV logA-iVlog a +^- ^%^+0(A^ 3 ). 
2 A A^ 



Proposition 14.31 leads to the following asymptotic expansion of rj n 

Vn = ± (J + °( A ~ 3 )) dA ( 33 ) 

with respect to the local coordinate A near oo ± . 

Finally, we show that for any 1 < n < N — 1, the holomorphic one- form ?7 n 
coincides with the one-form introduced earlier. 

Lemma 4.4. For ant/ (b, a) £ M* wii/i (3 = and any 1 < n < N — 1, 

Vn=Cn- (34) 

Proof. Let 1 < n < TV — lbe fixed. We already know that rj n is a holomorphic 
one- form on £(, )a . To show that it coincides with £„ it suffices to prove that it 
satisfies the normalizing conditions 



2tt 

or 



^- / r?n = VI < k < N- 1 



/ /" A d\ = -2n6 nk Vl<fc<iV-l, (35) 

where 7r : Eb ja — * C U {oo} is the projection introduced at the beginning of 
section [31 Note that the principal branch of the logarithm 



«(A)=logl(-ir-M A A -^/A 2 A -4 

is well-defined for A near 7r(cfe) and depends analytically on (/„)k„<jv-i. By 
a straightworward computation, for A near 7r(cfc) 



o a A 9 f A 



</A 2 - 4 ^A 2 
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Hence the left hand side of the identity ([55)) can be computed to be 
<9/„A 



, dX = - di n K(X)dX = -d In n(X)dX. (36) 

liv{c k ) VA 2 -4 J n ( Ck ) Jir{c k ) 

On the other hand, for A near 7r(cfc), 



A 



A A 



a ^A 2 -4 

Oak = 



A - %7A 2 - 4 ^A 2 
and thus, by integration by parts, 

27tl k = ( X = I \(—d\K) = I K (X)dX. 



Combined with ([56]) . we get the claimed identity (|3"5|) . □ 



Theorem 4.5. For any (6, a) £ M* cmd any I < n < N — 1, the Toda frequency 
u n = di„H a satisfies 



n 2 . (37) 



Proof. To prove (|37|) we use the Riemann bilinear relations. Fix 1 < n < N — 1 
and (b, a) <E M. We have already observed that uj n does not depend on (3. 
Without loss of generality we therefore can assume that (3 — for the given 
element (6, a) € M*. Combining (f3"3"]) with Lemma [4.41 we conclude that for A 



near oo 



C„ = ±(5 + 0(A- 3 ) 



dX. 



When expressed in the standard chart A = -, we have £ n = f^(z)dz for z near 
with 

/±(*) = TWn + 0(*). (38) 

By the Riemann bilinear relations, applied to fl and Cn, we then get (cf. e.g. 
0, P- 241) 

£ (7 Cn/ 0- / Cn / =27ri(-iV/+(0)+iV/-(0)) =47riiVa; n . 

fc=1 Vict Jdfc J d k J c k J 

Using that J — and J Cfc £„ = 27r<5„fc for any 1 < fc < TV — 1 the left hand 
side of the above identity equals 2ir J d fi. Hence 

Q = 2Niu n . (39) 



d„ 



By Lemma [4.21 and the assumption (3 — 0, the one-forms fl and are related 
by = — TVf^- Together with (|3"9")) the claimed identity then follows. □ 
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5 PROOF OF THEOREM ?? 



We remark that in the seventies, Its and Matveev have obtained a formula 
for the frequencies of the KdV equation similar to (|37|) - see e.g. [12] for a 
detailed exposition. For the Toda lattice, computations similar to the ones in 
the proof of Theorem 14.51 can be found in [23] . 

Finally we note that J d ft can be written as 



n 



AA; 



JV-1 



dA - 2 £ J fc 



fc=i 



A 2 
Ai 



A l-io - 4 



dX. 



As M* is dense in M it then follows that for any (6, a) € M 



u(I;a) 




ALo-4 



N-l . 

dX - X) 4 / 



ALo-4 



:dA 



(b+pi N ,a) 



where I = I(b,a) is given by ([29]) . a = a, 
1 N e is the vector ljv = (1, •• . , !)■ 



l/N 



^EfeLi & fc> and 



5 Proof of Theorem 11.21 

In this section we prove Theorem 11.21 The main ingredients are the Birkhoff 
normal form of the Toda lattice (Theorem l 1 .41 and Corollarv ll.5p and Krichever's 
theorem (Theorem 13. 3p . 

We begin by computing the components of the period map 3", defined by 
(l2"U]) in section [3] for sequences Ai < . . . < X2N given by the spectrum of the 
2N x 2iV-Jacobi matrix L + ((b, b), (a, a)) with (b,a) e M\ To compute the 
period J d Sli of Oi we need 

Lemma 5.1. For any (b,a) 6 M* 



f} a = -— - dX. (40) 

N VA 2 - 4 V 

Proof. Let (6, a) € M* be given. Clearly, — i-^=rfA is a holomorphic one- 
form on £& i(l \ {oo + , oo~}. We claim that it has poles of order 1 at oo^. Indeed, 
in the standard chart z = i near oo 1 * 1 one has 



N \ 
— + 0(1) J das. 
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In view of the uniqueness statement of Lemma |3~TI it remains to show that the 
normalization conditions (fT6|) are satisfied. One computes for any 1 < k < N— 1 



A f A 



A=A 2 
A=A, 



2arcosh ( (-1) J 



= 0. 

Now identity (|40|) follows from the uniqueness statement of Lemma 13.11 □ 
Corollary 5.2. For any (b, a) <E M* 

^ 27m 

fii = i. 41) 



Proof. By Lemma 15.11 and the normalization conditions (fl6|) one gets for any 
1 < n <N - 1 



N 

For any A 2fe -i < A < A 2 fc, 



A a (-l) w - fe A/2 JN 1 / A lWV _ fc A A 



A*_ M -4 i yi - (A/2)2 i V V v 2 



e?A = — d\ I arcsin (— 1 



and thus 



\ -fc A A 

2 



2n7r 

= 1^ 



fc=i 

as claimed. □ 

To obtain the last two components of the period map 2f we compute the 
asymptotics of / A ^i with respect to the local coordinate A near oo . By 
Lemma l5.1[ we get, near oo ± , 

A 1 f X A A 1 Ax 

Oi = — 77 / — dX = T— arcosh— — 

and hence by Proposition ^. 3[ 

tti = T6ogA-loga+^ + 0(A- 2 )V (42) 
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5 PROOF OF THEOREM ?? 



or, in the notation of section [31 e\ = f3 and eo = — log a. Taking into account 
that by Theorem [431 

tt 2 = -2iuj n V 1 < n < N - 1 

and that uj n — di n H a we therefore have proved 
Proposition 5.3. For any (b, a) G M* 

J(Ai < . . . < A 2W ) = ((^l,-2id In H a ) ,0,-loga). 



Kn<N-l 



Next we define the map 



A : R^ _1 x R x R >0 -> R 2W 

((-^n)l<n<JV-l,/3, a) l— > (A„)i<„<27V 

where (A n )i<„<2Ar is the spectrum of the Jacobi matrix L + ((6, b), (a, a)) and 
(6, a) G M is determined by the Birkhoff map $ (cf. Theorem 1 2. 1[) , 

(6, a) = XfiT n , 0)i< n < N -uP, a). 

Clearly, A is 1 — 1 and as > for any 1 < n < iV — l,Ais smooth. On its 
image, the inverse A -1 of A can be explicitly computed. In view of ([29]) and 
([42]) one has for any (A„)i<„<2jv £ imA, 

A _1 ((A„)i<„<2Ar) = ( ( 77- / A { A d\) ,ei,exp(-e ) 

where in view of ([12]), / A = /(A) is given by /(A) = 2 + II" i( A - A+) with 
A^ = A 2 at, A^_ x = A 2 at_3, A^_ 2 = A2W-4, A^_ 3 = \2N-7, ■ ■ ■ , an d ei, eo are 
the coefficients in the expansion ([T8| of the differential form f2j on the Riemann 
surface He with £7 = (Ai < . . . < A2at) and scaling parameter a = 1. (Note 
that by Lemma |3.1[ Qi is independent of the scaling factor a.) Hence we have 
shown 



A : R^n" 1 xl" m • m2N 



Proposition 5.4. The map 

is a smooth embedding. 

With these preparations we are now ready to prove Theorem 11.21 



Proof of Theorem ] 1.21 In view of Proposition [5T3l the composition GFoA 
R x R >0 -> R 2N is given by 

Jo A((/„)i<„<Ar-i,/3,a) = ( ( ^^,-2id In H a J , /3, -logo 



pJV-1, 
L >0 - 



(43) 
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By Theorem 13 . 31 £F is a local diffeomorphism, and by Proposition 15.41 A is a 
smooth embedding. Hence Jo A is an embedding. Therefore, at each point 
((In)i<n<N-i: P: a ) the differential d(H o A) has rank N + 1. By (|4U)) it is a 
2N x (N + l)-matrix of the form 



0(jv-i)x(iv-i) 


0(iV-l)xl 


0(AT-l)xl 


(— 2idi n di l H a )i<n ! i<N-i 


0(jV-l)xl 


0(JV-l)xl 


Olx(Af-l) 


1 










-a- 1 
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where Oat iX at 2 denotes the iVi x A^2-matrix with all entries 0. Hence the rank of 
the (N - 1) X (N - l)-matrix ( f, 1 *" ) has to be N - 1. This proves 

V ' ^ ' \ dI " dl1 J l<n.l<N-l 

Theorem rO] □ 



A Appendix: Proof of Lemma 14.11 

By (fT3")l . Aa admits the product representation 



N-l 



where the roots (A„)i<„<jv-i of A, when listed in increasing order, satisfy 
A 2 n < A n < ^2n+i for any 1 < n < N — 1. Hence 

ft -^(A-AQ-CA-A^x) „ 
V(A-Ai)---(A-A 2Ar ) 

It is clear that f2 2 is holomorphic on the set £(, )0 \ {oo + ,oo~}. In the standard 
chart A = - at oo + one has 

~ (1 - Aiz) • ■ • (1 - \ N -iz) dz 

lZ 2 = iV 1 • ~ . 

V(l-Aiz)---(1-A 2 jvz) " z 



Using that (1 — \ n z) 2=1+ iA„z + 0(z 2 ) near z = one gets 
Cl 2 = (E A «) z + Oiz 2 )^ ■ (l + ~ (^\}jz + 0{z 2 )^dz 

/N-l 2N \ \ 

^+^^e a «-25: a "Jz +o(i) J dz - 



-iV- 

2^ 
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By (|15[) . one has 

N-l 2N N 

n— 1 n— 1 n— 1 

Hence the coefficient of i in the expansion above equals 

(N-l 2N \ 

n=l n=l / 

which by assumption equals zero. Alltogether we have proved that with respect 
to the standard chart A = - at oo + , 

z 5 

a> = (~+0(l)\ dz. 

By a similar computation one sees that in the standard chart A = ~ at oo~, one 
has O2 = (fr + 0(1)) dz. This completes the proof of Lemma |4~T1 



B Appendix: Proof of Proposition 14.31 

To prove Proposition 14.31 we first need to derive some auxiliary results. Let 
(b, a) £ M^c, and assume that A > X 2 n in the sequel. Recall that the Floquct 
multipliers associated to the difference equation (J9j) are defined as the eigenval- 
ues of the monodromy matrix 

/ yi(N, A) y 2 (N,X) \ 
\ yx(N + l,X) y 2 (N + l,X) J ■ 

Using the Wronskian identity, one sees that the characteristic polynomial of the 
monodromy matrix is given by 1 — A\£ + £ 2 , hence the Floquet multipliers are 
£±(A) = ± \ \f&\ - 4. As A A > 2 for A > A 2A r, £±(A) are real valued and 
satisfy £+(A) > 1 > £_(A) > as well as £+(A) • f_(A) = 1. Solutions of © 
corresponding to the Floquet multiplier 

w (A)=e + (A) = ^ + ^ v /Ai-4 

are thus expanding. On the other hand, as log(x + y/x 2 — 1) = arcosh x for 
x > 1 one has 

log (^r + ^\/ A * ~ 4 ) = arcosh IT 

and therefore 

logw(A) = arcosh — -. 
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For any A > X 2 n denote by (u(n, A))„gz a solution of @ satisfying 

+ N,X) =w(X)u(n,X) VneZ. 

We claim that 

u(n,X)^0 VneZ. (45) 

Indeed, if there were k G Z with u(k, A) = 0, then A would be an eigenvalue of 
L 2 (S k (b,a)) where S (b,a) denotes the shifted element 

S k (b,a) := {b n+k ,a n+k )i< n < N G M 

and L 2 (b, a) denotes the (N — 1) x (N — 1) Jacobi matrix given by 

/ b 2 a 2 ... \ 

a 2 '•• '•• '■• : 

'■• '•• '■• 



V 



ajv-i 



>N 



J 



However, 



spec L ± (S k (b, a)) = speci ± (fe, a), 

and spec(L 2 (5" fc (6,a))) is bounded by max L+(S k (b,a)) (cf. [H] or 0). This 
leads to a contradiction, and (|43]) is proved. Hence the solution (u(n, A))„ e z can 
always be normalized by u(0, A) = 1. Then w(X) = u(N, X)/u(0, A) = u(N, A), 
or 

Ax ' — (46) 



arcosh-^- = log«(JV, A). 

Proof of Proposition \4-.3\ Let A > X 2 n and write u(n) = u(n,X). In view of 
(|45|) we may define 



(n) = <j>(n, A) 



u(n + 1) 
u(n) 



n£Z. 



(47) 



One verifies that <f>(n) satisfies the discrete Riccati equation (cf. e.g. [23]) 

a n cj)(n)(t>(n - 1) + (6 n - A)0(n - 1) + a„_i = 0. (48) 

In the case b n = —f3 and a n = a, for any n G Z, u(n, A)„gz can be computed 
explicitly. Indeed, making the ansatz u(n) = e Kn , one concludes that <fi(n) = e K 
is given by 



2a 

Hence for 4>{n) one gets the expansion 



2a 
A + /3 



(n, A) = - + - + 0(A x ), as A — >• 00. 
a a 



(49) 
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In the case of an arbitrary element (b,a) G M/3 jCn (f4"5|) suggests to make the 
ansatz 



A) = — - — + — 2^ "^fc-- ( 50 ) 

t*n , . " 

Substituting this ansatz into (|48p one gets by comparison of coefficients 

& (n) = -«£_! VneZ. (51) 
By (|47p. we have «(JV, A) = Il^o 1 <H n ' A )' and tnus b y ©> 

arcosh = log0(n, A). 

n=0 

In view of the asymptotic expansion (|50[) and the values of the coefficients 0i (n) 
given by (|5Tj) it then follows that 



arcosh = E lo g^+E 1 °g( 1 -y-^7 i + ( A ' 3 ) 

n=0 " n=0 ^ 

Note that 

iV-l . JV-l 

E log— = A^logA- log J| a n = iVlogA - iVloga. (52) 
Using log(l + x) = x — ^x 2 + 0(x 3 ), one sees that 

E los ( 1 - x - V + o(^- 3 ) ) = - i E + ) + °( A ~ 3 )> 

n=0 V - ' / n=0 V / 

which by (JSJ) equals 

^-^#Toda(M) + 0(A- 3 ). (53) 
Combining (fS^J) and (fS"3")) we get the claimed expansion 

arcosh = AHogA - A/loga + ^ - ^ff To da + 0(A~ 3 ). 



This completes the proof of Proposition 14. 31 □ 
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